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Abstract 

We derive a wall crossing formula for the symplectic vortex invariants 
of toric manifolds. As an application, we give a proof of Batyrev's formula 
for the quantum cohomology of a monotone toric manifold with minimal 
Chern number at least two. 

1 Introduction 

Let r be a torus of dimension fc, denote by t its Lie algebra, by 

A:=Uet| exp(0-l} 

the integer lattice, and by 

A* := {w e t* I (w, e Z for ^ e A} 

the dual lattice. Suppose T acts diagonally on C". The action is determined by 
n homomorphisms pi, : T — > S*^, v — l,...,n. We write each homomorphism 
Pi, in the form 

p,(exp(0)=e-'"<"'-«>, eA*. 

The moment map of this action, with respect to the standard symplectic form 
on C", is given by 

n 

p{x) = ■k'^\x^\^ (1) 
}J=l 

•Supported by National Science Foundation Grant DMS-0072267 



for X = (xi, . . . , Xn) G C". Wc assume throughout that /i is proper and that 
the vectors span the space t* . In [5] we have defined invariants 

n 

: 6""(t*) ^ M, m:=n-diniT + ^(i^ >0, (2) 

v=l 

by counting sohitions of the genus zero symplectic vortex equations (see Sec- 
tion 2). Here A G A, := {w^,X), r is a regular value of the moment map, 
and 5™(t*) denotes the space of real valued polynomials of degree m on t. Note 
that S*{t*) is canonically isomorphic to the cohomology H* {BT:M.) of the clas- 
sifying space BT = ET/T. The isomorphism takes w„ G I* to the first Chern 
class of the bundle ET x C — > BT. The invariant ^^''^ takes rational values 
on integral cohomology classes. These correspond to polynomials that map the 
lattice to the integers. 

An element r G t* is a singular value of /i if and only if it can be expressed 
as a positive linear combination of at most fc — 1 of the vectors Wj^. The set of 
singular values is a disjoint union of open cones of codimensions 1 to A;. A cone 
of codimension j is called a wall of codimension j. 

Let To G t* be an element of a wall of codimension one, ti G t* be transverse 
to the wall at Tq, and ei G A be the unique primitive lattice vector that is 
orthogonal to the wall at tq and satisfies (ri,ei) > 0. Denote by Ti c T the 
subtorus generated by ei and by ti its Lie algebra. Let 

I:={v\ (w,,ei) =0}. 

The action p induces an action po of the quotient torus 

To := T/Ti 

on the space 

C-^ := {a; G C" I = for v ^ /}. 

The moment map of this action is the restriction /io := A*lc^ • := ii ■ 

The following wall crossing formula expresses the difference of the invariants on 
the two sides of the wall as the invariant of the reduced problem at tq. 

Theorem 1.1 (Genus Zero Wall Crossing). Let a G S*(i*), A G A, and 
du '■= (wi/, A). Then for every sufficiently small positive number e we have 

where Aq is the projection of X to io := t/ti and 

Here for each ^ the integral is understood over a circle in the complex plane 
enclosing all the poles of the integrand. 
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There is an analogous wall crossing formula for higher genus which is formu- 
lated in Theorem 3.1 below. 

Theorem 1.1 gives rise to an explicit formula for the genus zero invariants. 

To formulate the result we introduce the following notation. For a tuple of 
nonnegative integers C. = . . . , denote 

w^=w^---w^" e5l^l(t*), 1^1 :=4 + ---+4. 

Given such a tuple I and a lattice vector A we introduce the set 2\ {£) of partitions 
{1, . . . , n} = /i U • • • U Jfc that satisfy the following two conditions. 

(Dimension) For every j G {1, . . . ,k}, the subspace 

Ej := span{w;, 1 e /i U • • • U /, } C t* 

has dimension j and ^ Ej for every v € Jj+i U • • • U 7^. 

(Degree) For every j e {1, . . . , A:}, 

^(^.-(/,-l) = -l. :=(w,,A). 

Theorem 1.2 (Genus Zero Invariants). Let X& h., di, := (wy,A), and I he 

an n-t,uple of nonnegative integers. 

(i) Iflx{£) = then ^^'^(w'^) = for all r. 

(ii) Let J C {1, . . . , n} be a subset with k elements such that {wi, Iv G J} is a 
basis of i* and assume 

^ \dy ifv^J, 
+ 1 ifviJ. 

If T belongs to the cone C{J) spanned by {w^ \ v G J} then 



I det((wi., ej%gjj=i_..._fc)| ■ 



where ei, . . . , is any basis of the lattice A. Otherwise $^'^(w^) = 0. 

(iii) Let A' e A and define :— (w^, A'). If li, + d'^, >0 for every v then 

(iv) Assume dy > —1 for every v. Then every element of S*{t*) is a linear 
combination of monomials that satisfy either (i) or (ii). 

(v) Let Ji := {v\£y< d^}. If t ^ C{Je) then $^'^(w^) = 0. 

Remark. Assertions (i), (ii) and (iv) can be used to compute the genus zero 
invariants whenever rf^ > —1. This restriction can be removed by using (iii). 
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Now assume that T acts freely on /x ^ (r) , where 

n 

T := ^w^, 
i/=i 

and that the symplectic quotient 

M:=C"//r(T) :=^-i(r)/T 

has minimal Chern number N := max {to G Z | t/to G A*} > 2. These condi- 
tions guarantee that the symplectic quotient M is a monotone toric manifold. 
Combining Theorem 1.2 with the results of [8] one can compute the genus zero 
Gromov-Witten invariants of the symplectic quotient. More precisely, denote 
by S*{t*) — > H*{M;R) : a i-> a the Kirwan homomorphism. Consider the dual 
homomorphism H2{M', Z) — > A in degree two. This homomorphism is injective. 
We denote its image by A(t) and the inverse map by A(t) H2{M; Z) : A i-^ A. 
Given A e A(t) we denote by GWf the genus zero Gromov-Witten invariant 
of M with fixed marked points in the homology class A. In [8, Theorem A] it is 
proved that, for every A G A(r) and every n-tuple £ = (£i, . . . , £„) of nonnegative 
integers, 

$^'^(w^) = GWf (wi, . . . , wi, . . . , w„, . . . , w„), (3) 

where each argument Wi^ occurs ii, times. Thus Theorem 1.2 allows us to com- 
pute the genus zero Gromov-Witten invariants of tuples of cohomology classes 
of degree two. This can be used to compute the quantum cohomology ring of the 
symplectic quotient. The statement of the theorem requires some preparation. 

The chamber C(t) is defined as the component of the set of regular values 
of n that contains r. The effective cone Aefj(r) C A(t) is defined as the set 
of lattice vectors A G A(t) that satisfy (t', A) > for every t' G C(t). 

Let TZ be any graded commutative algebra (over the reals) with unit which 
is equipped with a homomorphism 

Aeff (r) -^n-.X^q^ 

from the additive semigroup Aes (r) to the multiplicative semigroup TZ such that 
deg(g''^) = 2(t, A). Given such a graded algebra define the quantum cohomology 
ring QH* (M; TZ) as the tensor product 

QR*{M;TZ) := H*{M;m)(^TZ 

(of vector spaces over the reals). Thus an element of QH*(M;7?.) is a finite sum 
a = J2ren where cir G H*{M; M). The ring structure is defined by 

i AeAett(r) r',r" 

where the Si form a basis of H*{M;R) and the e* denote the dual basis with 
respect to the cup product pairing. 
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Theorem 1.3 (Quantum Cohomology). Let M ~ 'C'^//T{t) be a (nonempty) 
monotone toric manifold with minim,al Chern number N > 2. Then the ring 
homomorphism 

7^[^il, . . . ,u„] ^ QH*(A?;7^) : r^/ ^ rw*^ (4) 

induces an isomorphism QH*(M;7?,) = Ti.[ui, . . . ,Un\/ J , where the ideal J C 
7?.[ui, . . . , u„] is generated by the relations 

n 

^ ??i.w^ = 
i/=i 

T^C({l,...,n}\M) 
A e Aeff(T), := max{±{w^, A), 0} 

The ring TZ[ui, . . . ,Un]/J^ was introduced by Batyrev [4]. It also appeared 
in Givental's work on mirror symmetry [9] for the monotone case. Examples of 
Spielberg [13, 14] show that, in the nonmonotone case, the kernel of the homo- 
morphism (4) is not necessarily equal to J'. For special cases the isomorphism 
TZ[ui, . . . , Un]/J QH*(M; TZ) was established in [12, 13]. The reason for our 
hypothesis N >2 lies in the identity (3) which, in general, does not continue to 
hold in the case = 1 (the degrees of all the classes must be less than twice 
the minimal Chern number). 

In Section 2 we explain some background from [5] about the symplectic 
vortex equations. The wall crossing formula (for arbitrary genus) is restated 
in Section 3 and proved in Section 4. We prove Theorem 1.2 in Section 5 and 
Theorem 1.3 in Section 6. 



i/=i 

Mi/ = 0, 



2 The symplectic vortex equations 

Fix a compact Riemann surface (S, js, dvols), a principal T-bundle P ^ E, 
and an invariant inner product on t. The characteristic vector of P will be 
denoted by 

A(P) := J^FAeA. 

Here A E A = A{P) is a connection on P and A(P) is independent of the choice 
of the connection. The symplectic vortex equations (at a parameter ret*) 
have the form 

- ^— ^ 2 *tA(P) 

dAU^ = 0, *Fa + IT 2_^Ju^\ = y^^^^^ + r, (5) 

where M,y : P ^ C is equivariant with respect to p^, * : ri^(S,t) il.°{T,,t*) 
denotes the Hodge ^-operator determined by the volume form on S and the 
inner product on t, and *t : t — > t* denotes the isomorphism induced by the 
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inner product. The gauge group Q := C°°(S, T) acts on the space of solutions 
of (5) with finite isotropy if and only if r is a regular value of fi. Moreover, the 
moduli space 

M{t) := {{A, u) I u and A satisfy (5)} /Qq 

of based gauge equivalence classes of solutions of (5) is compact (see [5]). Here 
we fix a point G S and denote the based gauge group by 

Qo-={9&Q\9{zq) = 1}. 

Think of this moduli space as a subset of the space 

A{P) X C~(P,C") 



B := 



where g & Go acts by g* {A, u) := {A+g ^dg, p{g) ^u). The group T (of constant 
gauge transformations) acts contravariantly on B and we identify 



e XtET 



A{P) X C|?(P,C") X ET 



where Q acts by g*{A,u,e) := {A + g^^dg, p{g)'^^u, g{zo)^^e). The invariants 
introduced in [5] are obtained by integrating equivariant cohomology classes of 
B over M.{t)/T. Here integration is to be understood in terms of evaluating the 
equivariant Eulcr class of an associated T-moduli problem on the equivariant 
cohomology class in question (see [6]). 

It is useful to think of as a section of the complex line bundle 

:=PXp„C^5], (6) 

where the equivalence relation on P x C is [p, = \pg, Pv{g)~^C\ for g GT. This 
bundle has degree 

rf. :=^/3.(A(P)) = (w.,A(P)) 
and the moduli space A4 (r) /T has virtual dimension 

71 

dimMA^(r)/r = (n - dim T){2 -2g) + 2^d^ =: 2m, 

i/=i 

where g is the genus of E. Integration over the moduli space gives rise to a 
homomorphism 

: s*{e)(g>H*{A/go)^R. 

Formally, this homomorphism can be written in the form 



:= / 'T^a (7) 

JM(t)/T 

for a e S*{i*)®H*{A/go) ^ H:^{A/Qq). Here it : B ^ A/Go is the obvious pro- 
jection and TT* : H^{A/Qo) H^{B) is the induced homomorphism on equivari- 
ant cohomology. The precise definition of the invariant involves the equivariant 
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Eulcr class of the T-moduli problem associated to equation (5) (sec [6, 5]). The 
invariant (a) can only be nonzero when a has degree 2m and it takes ratio- 
nal values on cohomology classes that take the integer lattice in t to the integral 
cohomology of A/Qq. 

3 Wall crossing 

In this section we formulate the wall crossing formula for arbitrary genus at an 
element tq G t* of a wall of codimension one. This means that there exists an 
index set / C {1, . . . , n} satisfying the following conditions. 

(i) The subspace Wj := spanjw,^ | e /} C t* has dimension k—1 and w^ ^ W/ 

for every v ^ I. 

(ii) TO e m(C^), where := {a; e C" | a;^ = for v ^ 1). 

(iii) If J C {1, . . . ,n} is another index set satisfying (i) then tq ^ 

Note that under these conditions tq is a positive linear combination of precisely 
fc — 1 linearly independent vectors from the set {w^ 1 G /}. Choose a vector 
Ti e t* that is transverse to ij,{C^) and let ei e A be the unique primitive lattice 
vector that satisfies (n, ei) > and is orthogonal to the wall at tq: 

(wy, ei) =0 for 1/ e /. 

Denote by Ti C T the subtorus generated by ei and by ti its Lie algebra. Let 
To := T/Ti be the quotient torus and to := t/ti be its Lie algebra. Then the 
action p induces an action po of To on C^. 

The wall crossing number will be expressed as an integral over the moduli 
space Mo of based gauge equivalence classes of solutions {A, {u^ji^^i) of the 
equations 

dAU^ = (y&I), *FA + 'r^2^\u^\ = y^^l^j + TQ. (8) 

We shall view this as a To-moduli problem. Indeed, the subgroup Ti c T acts 
trivially on A^o- However, since tq is a regular value oi p\ci , the quotient group 
To = T/Ti acts on Mo with finite isotropy. 

It is interesting to compare Mo with the moduli space M{C^ ,Po-,to) of 
based gauge equivalence classes of solutions of (5) with C", T, and P replaced 
C^, To := T/Ti, and Pq P/Ti- There is a natural projection 

Mo M{C\ Po, To) : [A, {u,,},ei] ^ [^o, M.eii (9) 

where Aq := HoA G Q^{P,to) can be thought of as a connection on Pq. Here 
Ho : t — > to denotes the canonical projection. If {A, {wi/ji/e/) satisfies (8) then 
the tuple {Ao,{ui,}i,^i) satisfies the equations 

~ X — ^ 2 t ( ) 

dAoUt. = {v&I), *of +tt2_^\u^\ w^= y^^^-^ + ro- 
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and hence belongs to the moduh space A4{C^ , Po,to). Here : t/ti is 
given by i-^ C - \ei\~'^{^,ei)ei and *o : is induced 

by the Hodge ^-operator on S and *to. The map (9) defines a fibration whose 
fiber can be described as follows. 

Choose a complement of ti in t and denote the resulting projection by Hi : 
t ^ ti. Define Pici as the space of based gauge equivalence classes of real valued 
T-invariant 1-forms Ai G ^^{P) that satisfy Ai(pei) = 1 for every p G P and 

Here the based gauge group is C^i :~ {gi : Ti \ gi{zo) — 1} and it acts by 
{gi*Ai)ei := AiCi + gi^^dgi. Note that Pici is a 2(7-torus. It is the fibre in (9) 
because the subgroup Qi C Go acts trivially on Aq = HqA and for every 
v G I. We emphasize that the fibration (9) need not be a product. The reason 
is that the map Ai-^ Ai := UiA will not, in general, be gauge invariant. We are 
now in a position to state the wall crossing formula for arbitrary genus. Think 
of Mo as a subset of the space Bq := A{P) x C^{P, C^)/Qo and denote by ttq : 
S'*(Iq) (g) H*{A/Go) -f^To('^o) the homomorphism on equivariant cohomology 
induced by the To-invariant projection ttq : Bq — > A/Qo- 

Theorem 3.1 (Wall Crossing). Let a e S*{t*) ® H*{A/go), A G A, and 
dv '■= (wy, A). Then, for every sufficiently small positive number e, we have 

^^:r'"(")-^^:;''"'"(«)= / ^^o^o, (n) 

JMo/To 

where ao e <S'*(to) ® H*{A/Go) is the polynomial map defined by 
Here 0,^ is the closed 2-form on A/ Go defined by 

k 



Here we have chosen a basis ei, . . . , Cfe of t and a symplectic basis ai, . . . , a2g of 
ff^(E; Z). These bases induce a basis r,j of H^{A/Go''> 2) and Qjj' and w^j are 
defined by 

g 

^33' •= m '^ij ^ ^i+3,3' ' ■= (Wl', Sj)- 

i=l 

Note that iljj' is independent of the choice of the ai and f2y is independent of 
the choice of both bases. For each ^, the integral in the definition of ao(0 is 
over a circle in the complex plane enclosing all the poles of the integrand. The 
integral in (11) is understood as the evaluation of the equivariant Euler class of 
the To-moduli problem associated to (8) on the class TTgao (see [6]). 
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Remark 3.2 (Residues). Consider a rational function / : C — > C with poles 
Pi,. . . ,Pn. It induces a meromorphic 1-form f dz. Let § f dz be the integral of 
f dz over a closed curve in C around all the poles of /. By the residue theorem, 

If " 
— ^ / d^; = -ReSoo (/ dz) = ^ ReSp^ (/ dz). 

Note that the l-form / dz and hence the residue at infinity do not change if the 
complex coordinate is shifted by ^; i— > ^; + c. If we expand / as a Laurent series 

ka 

f{z)= Yl '^kz'' 

k=—oo 

in that converges near infinity then the residue at infinity is minus the 
coefficient of z~^, i.e. ReSoo(/) = — a_i. 

Example 3.3. Consider the action of the 1-torus T = M/Z on C" with positive 
integer weights Wi, = £^ G A* = Z. Let c e A* be the standard generator 
c(^) = ^ and pick a homology class X = d G A = Z. Assume 



m 



:=^(d4 + l-5)+5-l>0. 



We compute the invariant $2 gC*^™) '^^ nonempty chamber by wall crossing 
from the empty chamber. Here / = 0, Ti = T = R/Z, ei = 1, and To = {1}. 
Then M.o = Pic is a 25-torus and fi^ = i^^il, where fl is the standard symplectic 
form on Pic. It satisfies 

^ fis = 1. 



5! L 



9'- Jpic 

The integrand in Theorem 3.1 is given by 

' {il + ■ ■ ■ + ir,)n\ {ii + ---+i„)3 Q9 



"0 = 7^-7 9 i-r exp 



Integrating this class over Pic yields the formula from [5] : 



4 Proof of the wall crossing formula 

4.1 A cobordism argument 

We introduce the gauge invariant differential equations 

dAUu = Q [v = l,...,n), 
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Denote the moduli space of based gauge equivalence classes of solutions of (12) by 

So := {{A, u) I ^ and u satisfy (12)} /Go. 

Note that there is a T-equivariant projection <So — > Ado whose fiber is the unit 
sphere in the kernel of the Cauchy-Riemann operator in the variables Ui, for 
I. 

Proposition 4.1. The wall crossing number can be expressed in the form 

J Sa/T 

where the orientation ofSo/T is determined by e\ as in Remark 4-2. 
Remark 4.2. The moduli space Sq/T is oriented as follows. Denote 

n n 

X :=fii(5],t)©017°(S,L,), y := 1^0(5], r(g)C)©012°'^(S,L,), 
i/=i i/=i 

where — > S is the line bundle (6). Define the operator Dq : — > 3^ by 

(*da + 27rX;i.g/(Wi^,Wi^>w,. 
d*a-\-2-KY,^(zi{iu^,K)^v 
dAUv + p^(q)°'^w^ 

The first component is the real part in ^'^(E.t* ® C) (it is the linearization 
of the second equation in (12)) and the second component is the imaginary 
part (it corresponds to the local slice condition for action of G/Ti). The third 
component is the linearization of the first equation in (12). The operator Vq is 
complex linear, where the complex structure on f2^(I],t) is given by the Hodge 
^-operator ai— > *a = —aoj-^. Define the linear functional ^ : X C hy 

27r f 

*(a, u) := ,„ Viw^, ei) / ((u^, u„) + i{iu^, u„)) dvols. 

(Ti,ei)Vol(i;) ^ is 

The imaginary part of \l/ corresponds to the local slice for the Ti-action. 

Note that the cokernel of Vq always contains the constant functions in 
f2°(5], ti C). We assume for simplicity that the cokernel is equal to this space 
and that 

(ri,ei)Vol(i.) ^ 

Then So is a smooth manifold near [A, u\ and the tangent space of iSo /T is 
T[A,u]^o/T = J (a, u) I Vo{a, u) = 0, ^(u,, u,) = 0, Im ^{a, u) = o\ . 

I u^I J 
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A basis fi, . . . ,U2m of the tangent space is called positively oriented if the 
vectors vi,.. ., V2m, Wo ■= (0, 'i^i := (0, {-27ri(wj., ei}u^},y0) form a 

positive basis of the complex vector space ker Vq. Note that the orientation 
depends on ei and that m = {n — dimT)(l — g) + '^v- 

Proof of Proposition 4-1- Denote Tt := tq + tri and consider the moduli space 

W := {{t, A,u) \ - e < i < £, (5) holds with r = n} /Go- 

This space has boundary 

dW = ({-£} X M(r_,)) U ({£} X M{t,)). 

Now the group T of constant gauge transformations does not act with finite 
isotropy on W. Call an element of W singular if its isotropy subgroup has 
positive dimension. Then the singular subset of W is precisely the moduli space 
A4q introduced in the previous section. Cutting out a neighbourhood of this 
singular set we obtain the subset Ws C W of all (based gauge equivalence classes 
of) triples [f, A, m] e W that satisfy ll^i^ll^ — ^- The boundary of this set 

is 

dWs = ({-£} X M{T^e)) U ({e} X M{e)) U Ms, 

where the third boundary component Ais is the moduli space of based gauge 
equivalence classes of solutions of the equations 

dAUi, = {v^l,...,n), 



n 



Here ||-|| denotes the L^-norm. If 5 > is sufl[iciently small then M.^ does not 
intersect the boundary of W. We point out that 

'° (n,e.)Voi(s) ?'"'"^'"-">- 

To see this take the inner product of the second equation in (13) with ei and 
integrate over S. This shows that the parameter t is determined by u and can 
therefore be removed in the definition oi M.^- If we orient as the boundary 
of W5 then the wall crossing number is given by 



TT a. 

Mi IT 



It remains to prove that the integrals over Ms/T and Sq/T agree. 

We prove this in two steps. The first step shows that the (T-moduli problems 
associated to) M.s and <So are cobordant and the second step is to compare the 
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orientations. Fix a real parameter s G [0, 1] and replace the second equation 
in (13) by 



For ,s = 1 this is equivalent to the second equation in (13) and for s = to the 
second equation in (12). Thus the moduh spaces ^As and Sq are equivariantly 
cobordant and the isotropy subgroups are finite for every s. 

Next we compare the orientation of Sq/T with the boundary orientation of 
Ms/T. Let [t, A, u] G Wg and define the operator V : X ~* y by 



This operator is complex linear. Assume for simplicity that V is surjective. 
Then Ws is a manifold near [t, A, u] and the tangent space of Ws/T is 



The condition Via, u) = (tri, 0, 0) implies ^(a, u) = t. (Take the inner product 
of the first two components of 'D{a,u) with ei and integrate over S.) Thus we 
may identify 



Let vi, . . . ,V2m,'Wo be a basis of the tangent space with Re\l/(u'o) > and 
Vi, e ker v. The basis is called positively oriented if the vectors vi, . . . ,V2m 
form a positively oriented basis of the kernel of T>. 

Using the determinant bundle over the space of Fredholm operators we can 
carry the orientation of Ws over to a point [A,u] G Sq. The notion of an 
inward pointing vector also carries over. Let vi, . . . ,V2m be a positive basis 
of Ti^ ujiSo/T, consider the inward pointing vector wq := (0, {ui^}^^/), and 
denote Wi := (0, {— 27ri(wj,, ei)^^};,^/). Then, by Remark 4.2, the vectors 
Ui, . . . ,V2rmWo,wi form a positive basis of ker Vq. Deform this basis contin- 
uously into a basis ■Oi , . . . , ■02m ,wo,wi of ker Vq such that vi,. . . , V2m form a 
basis of ker Vq n ker *. Note that Im^'(«;i) < 0. If Re*(wo) < it follows 
that the vectors vi, . . . , V2m form a positive basis of ker n ker 5" and other- 
wise they form a negative basis. Thus, in both cases, the vectors f)i , . . . , ■02m; wq 
represent the negative orientation of the tangent space of W. Since is in- 
ward pointing, it follows that the orientation of Sq /T agrees with the boundary 
orientation oi Ms/T. Hence the integral of 'K*a over Ms/T agrees with the 
integral over Sq/T. 

The assertion about the integrals can be understood verbatim if the moduli 
spaces are smooth. Otherwise they are understood in terms of the equivariant 
Euler classes of the associated T-moduli problems. The result then follows from 
the cobordism axiom for the Euler class in [6]. □ 




(15) 




7^[t,A,„]Wl^= {(i>,w)|I?(a,u) = (£ri,0,0)} 



\t.A,u]'Ws/T = {{a, u) I 2?(a, u) G (Rn, 0, 0)} . 
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The modiili space So is the sphere bundle in the kernel bundle of a family 
of Cauchy-Riemann operators over A^o- In Section 4.3 we explain a general 
equivariant localization formula for such kernel bundles. The relevant index 
computation uses the Atiyah Singer index theorem for families and will be car- 
ried out in Section 4.4. The next section explains the necessary background 
about the equivariant Euler class. 

4.2 The equivariant Euler class 

We begin with some recollections about the equivariant Euler class (see [6] for 
details) . Let X be a compact oriented smooth manifold, E ^ X he an oriented 
real vector bundle of rank k, and G be a compact Lie group which acts on X 
and E by orientation preserving diffeomorphisms such that the projection is 
equivariant and the action is linear on the fibres. We shall think of the action of 
G on X and as a right action and denote it by {x, e) i— > {g*x, g*e} for e g E^- 
The corresponding covariant action will be denoted by g^^,x := {g^^)*x and the 
infinitesimal (contravariant) action of ^ G g := Lie(G) by ^*x e TxX. An 
equivariant Thorn form is a c?G-closed equivariant differential form tg{E) G 
il,Q{E) with compact support and fibre integral one. The equivariant Euler 
class eoiE) G Hq{X) is the cohomology class of the puUback of an equivariant 
Thom form under the zero section. We will sometimes use the same notation 
for the Euler class and a form representing it. The Thom class and the Euler 
class are multiplicative under direct sum. 

Now suppose that E \sa. rank n complex vector bundle and the action of G is 
complex linear on the fibres. Then an explicit representative of the equivariant 
Euler class can be constructed as follows. Fix a G-invariant Hermitian metric 
on E and let P ^ X denote the unitary frame bundle of E. This bundle 
carries a right action of U(n) and a left action of G, and these two action 
commute. Let e Vect(P) denote the infinitesimal (covariant) action of 
^ € fl. More precisely a point p G of the fibre over x G X is a unitary 
vector space isomorphism p : ^ E^ and the left action of £f € G is given by 
g^p -.C^ ^ Eg,^. The vector field X^ e Vect(P) is defined by 



Lemma 4.3. Let A G A{P) C f7^(P, u(n)) he a G-invariant 15 {n)- connection 
form on P. Then the G- equivariant Euler class of a complex vector bundle E 
is represented by the da-closed form 



where Fa G f2^(P, u(n)) denotes the curvature of A. 

Proof. The right hand side in (16) is invariant and horizontal for the U(n)-action 
and thus descends to a G-equivariant form on X. It is easy to check that this 
form is dc-closed and hence represents an equivariant cohomology class. 



■= Jt 



t=o 



exp(tO*P e TpP. 




(16) 
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To prove (16) wc assume first that _E = X x C" is a trivial bundle and 
p : G ^ U(n) is a unitary representation of G. The homomorphism p defines 
the covariant action of G on and so 

g*{x,z) = {g*x,p{g)-'^z) 

tor X £ X, z G C", and g G G. The frame bundle of E is the product bundle 
P := X X U(n) and the formula 

A^^u{v,ur]) := rj 

for V e TxX, u e U(n) and t] € u(n) defines a U(n)-conncction form A e 
rj^(P, u(n)). This connection is G-invariant and flat. For ^ G the vector field 
e Vect(P) is given by 

X^{x,u) = {Q,p{C)u) 

and so 

A{X^{x,u)) = u-^m^, det (^^(^i)) = det (^p(o) • 

Now a Thom form on E can be constructed as follows. For fc = 0, . . . , n let 

(T/c : u(n) f72"~2'^(C") be a polynomial map of degree k. It is shown in [6, 
Lemma 5.5] that these polynomials can be chosen such that ao G r2^"(C") is 
the standard volume form, 

C7„(r?) = det(ir?), 

and 

i'{vr,)<yk{'n) = A A (7k+i{v) 

for each k, where A S r2^(C") is the differential of the function z ^ \z\^ /2 and 
the vector field Vr^ G Vect(C") is defined by Vn{z) := r]z for t] G u(n). Now 
choose functions fk ■ [0, oo) — > [0, oo) with compact support such that /o(s) = 
for s < 5 and s > 1 and 

f'k{s)+fk-i{s)=0, /fe(l) = 0, 

and 

for < fc < n - 2. Then 



M') = -(k^_ j\t-sf-'Mt)dt 



and hence fk{s) = for s < 5 and k <n and 

/n(0) ^ 



2"-i(n - l)!Vol(S'2"-i) (27r)" ' 
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Now a Thorn form on E = X x is given by 

n 

Its pullback under the zero section is given by 

BGiE) = /„(0)a„(p(O) = det (^p(o) • 

This proves the lemma in the case E = X x C". For general G-equivariant 

bundles E ^ X the result follows from the (Naturality) axiom for the Euler class 
and the fact that the pullback of E under the projection P ^ is isomorphic 
to the trivial bundle P x C". □ 

Remark 4.4. The formula of Lemma 4.3 can also be expressed as follows. Let 

V be a G-equivariant Hermitian connection on E and, for ^ G 0, denote by 
e End(£')) the covariant infinitesimal action defined by 

^■^e := Vtexp(t^)*e|t=o 

Then the Euler class is given by 

a<=(i.,{)=det(^F' + ^£'). 

Example 4.5. Let E ^ X he & rank n complex vector bundle. Suppose G 
acts trivially on X and that the covariant action on the fibres is given by a 
homomorphism p : G ^ 5^, given by 

p(exp(0)=e-2-<-'«>, 

where w G g*. Then, for every G-invariant Hermitian connection V on E, 
the endomorphism G r2°(X, End(i^)) is given by multiplication with the 
imaginary number p{^). Hence 

eG{E,£,) = det (^F^ + ^p(o) = X:(w,C)"-^c,(£). 

^ ^ j=o 

We wish to invert the equivariant Euler class. This requires an extension of 
the equivariant cohomology ring of X. 

Standing assumption. In the following X is a smooth manifold, G is a 

compact Lie group acting on X , and Ti G G is an oriented circle which is 
contained in the center of G and acts trivially on X . 

Denote the quotient group by Go := G/Ti. Denote by ei the positive integral 
generator of the Lie algebra ti := Lie(Ti). Let n be an integer. A Ti-rational 
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G-equivariant differential form of degree n on X is a Laurent series in 
of ttie form 

j<n/2 

with coefficients aj € Ci^'^-'{X), that satisfies the following conditions. 

(i) For every C "= and every x G X the Laurent series X]j<n/2 Q^jCOa;-^"' is a 
rational function on C with values in the complex vector space A*T*X (g) C. 

(ii) For every t GRwe have a(^, t + z)= + tei,z). Equivalently, 



k<j<n/2 ^ ^ 

«fc(e + iei)= 5^ A;<0. (18) 

Denote by (X) the space of Ti -rational G-equivariant differential forms 
on X. This is a chain complex with respect to the usual equivariant differential 
dcOiiO ■= da{£,) + L{X^)a{£,). The cohomology of this chain complex will be 
denoted by j,^ (X). 

Let a = YljCtjZ^ e Then a_i(^ + tei) = a-i{^). In other 

words, the coefficient of descends to a Go-equivariant cohomology class on 
X. Minus this coefficient is called the residue at infinity of a and will be 
denoted by 

Resoo(a) := -a-i(0 = - j> a{^, z) dz e Ogf (x). 
The residue at infinity descends to a homomorphism 
Res^:iJS,T,(^)->i?S+'(^). 

Remark 4.6. There is an obvious inclusion ^Iq{X) JIq Xii-^) whose image 
is the subspace of polynomials a = X)o<j<n/2 '^j^'' ^ ^G.Tii-^)- Condition (17) 
shows that any such form is uniquely determined by ao G i}Q{X) and vice versa. 
The inclusion CIq{X) ^ fi^ ni-^) induces an inclusion in cohomology 

H*c{X) ^ H*G^T^iX) 

whose left inverse is induced by the projection a = ctjz-' ao- 

Let ^ X be a G-equivariant complex vector bundle of rank ue- The 
subgroup Ti acts on E with weight 

WE ■■= det f ^Pa:(ei) 
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Here the homomorphism px '■ Ti ^ k\it{Ex) denotes the action on the fiber 
over X and Px '■ ^ End(iJa;) denotes the corresponding Lie algebra homomor- 
phism. The weight is independent of x. Think of the equivariant Euler class 
as a polynomial map g Vl*{X). By Lemma 4.3, the G-equivariant Chern 
classes Cj{E) e H'^{X) are the coefficients of z"^ ^ in the polynomial 

riE 

eGiE,^ + zei) =:Y,Cj{E,Oz"--i . 

In particular, cq{E^^) = we- If 7^ then the equivariant Euler class 
ec S has a well defined inverse I/cq in the Ti-rational G-equivariant 

cohomology group Hf^^^^ {X). To see this, expand the rational function z 1— > 
l/eG(C + z^i) into a Laurent series in z~^ which converges near infinity: 



eG{E,^ + zei) ~ WBZ"^ ^ I 



i=0 



The coefficients Si{E) G Hq{X) of this Laurent series are called the equi- 
variant Segre classes of E. They are uniquely determined by the equation 

j:s,iE,ocj{E,o = [l^^ (i9) 



In particular, the degree zero Segre class is sq{E,£^) = 1/we- If ^ X is 
another G-equivariant complex vector bundle of rank np with weight wp, then 
the quotient 

eciFeE) := e //2np-2n«(j^) 



depends only on the equivariant if-theory class F Q E G Kg{X). It is only 
defined for equivariant if-theory classes FQE whose denominator E has nonzero 
weight. 



4.3 Localization 

Let X be an orientable smooth manifold, G = T be a torus acting on X, and 
Ti C T be an oriented circle that acts trivially on X. We assume that the 
quotient group Tq := T/Ti acts on X with finite isotropy. Denote the Lie 
algebras by t := Lie(r), ti := Lie(Ti), and to := t/ti := Lie(ro), let A C t 
be the integer lattice, and denote by ei G ti n A the positive generator of the 
sublattice. Throughout we denote m := dim X — dim Tq. 
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Let £ ^ X and T ^ X he complex Hilbert space bundles on which T acts 
complex linearly such that the projections are equivariant. Assume that Ti acts 
with finite isotropy outside the zero sections of £ and T. Let 

• £x ^ ^ X 

be a smooth family of G-equivariant complex linear Fredholm operators of com- 
plex numerical index 

index(2?) := dim"^ ker — dim"' coker D^:. 

Denote by 

iNViV) := IJ {x} X ker D^, 9 cokerD^; € Kg{X) 

the topological index of T), understood as a G-equivariant ii'-theory class. Con- 
sider the following G-moduli problem. The Hilbert manifold B is given by 



X €l X, e €l £x, \\e\f = 1 



B := |(x,e) 
the Hilbert space bundle M ^ B has fibre 

over (x, e) e B, and the section S : B — > HI is given by 

S(a;, e) := V^e. 

The zero set of this section is the kernel manifold 

M := {{x,e) e B|£)^e = 0}. 

Denote by tt : B — » X the obvious projection. The equivariant iV'-theory class 
XAfVCD) e Kq{X) has a nonzero weight (for the Ti-action) and hence carries 
an equivariant Euler class 

eciTM-DCD)) e H^^r^^iX). 

in the Ti-rational T-cquivariant cohomology of X . The following theorem gen- 
eralizes the localization formula for circle actions in [6]. The assertion requires 
a choice of orientations. 

Remark 4.7. Orientations of X/Tq and Ti determine an orientation of the 
T-moduli problem (B, H, S) as follows. By choosing local trivializations we may 
assume that £ and are (complex) Hilbert spaces equipped with a T-action 
and so is a T-equivariant smooth map X ^ C{£,T) : x t-^ V^, which assigns 

a (complex linear) Fredholm operator Vx to every x E X. In this case the 
vertical differential of § at a point (x, e) e M is an operator 

DS{x, e) : {{x, e) e T^X x £\{e,e) =0} ^ T. 
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It is given by 

DS{x, e)(.T, e) = V^e + V{x)e, 

where D{x)e is defined as tlie derivative of the path M ^ : f i-^- 2?exp^(t£)e at 
t = Q. Now suppose that "D^ is surjective. Then a positive basis of the kernel 
of DE>{x,e) is defined as follows. Pick a positive basis ii, . . . ,x„i of T^X/iox 
and choose ei,...,em G £ such that V^ei + 'D{xi)e = and (ej,e) = for 
i = l,...,m. Next choose a positive basis im+i, ■ ■ ■ ,em+2n of the complex 
vector space ker such that e,„+2ri-i = c and ern+2n is a positive tangent 
vector of the Ti-orbit of e. Then the vectors {xi,ei) for z = 1, . . . ,to and the 
vectors (0, e^) for j = m + 1, rn + 2n — 2 are declared to be a positive basis 
of kcr _DS(x, e)/t- (x, e). This definition of the orientation is independent of the 
choices. If is not surjective, one can apply the same construction to the 
kernel of a suitably augmented operator. We emphasize that the orientation 
described here agrees with the convention of Remark 4.2. 

Theorem 4.8. Let m dim X — dim Tq and n := indcx(I?). Fix any ori- 
entation of X/Tq, let Ti be oriented by ci, and orient M/T as in Remark ^.1. 
Then 

/or every a e Bl^^'^'^-'^ {X) . 

The integral on the left is understood as the Euler class of the T-moduli prob- 
lem (B, H, §) evaluated on 7r*a (see [6]). The integrand on the right is the residue 
at infinity of the Ti-rational T-equivariant coliomology class a/ eT{lM'D{'D)) G 
HJp^^{X). It is a To equivariant cohomology class in HJ^(X) and can be inte- 
grated over X/Tq because Tq acts on X with finite isotropy. 

Remark 4.9. Theorem 4.8 continues to hold if we replace X by a To-moduli 
problem {Bo,£o,So) as in [6] and £ and by Hilbert space bundles over Bq. 

Then B is the unit sphere bundle in £, M^^e = £ob ® ^b, e) = {Sa{b),'Di,e), 
and the right hand side of (20) is understood in terms of the Euler class of 
(Bo,^o,<5o)- To prove this, choose a finite dimensional reduction of {Bo,£o,So) 
and note that (20) continues to hold for noncompact manifolds X and compactly 
supported T-cquivariant differential forms a. 

Proof of Theorem, 4-. 8. The proof has three steps. 

Step 1. We may assume without loss of generality that £ is finite dimensional 
and admits an equivariant trivialization and that = 0. 

The reduction to the finite dimensional case is proved as in [6, Theorem 11.1]. 

Hence assume E = £ and F — T are finite dimensional. By Proposition A.l, 
there exists a T-equivariant complex vector bundle E' ^ X such that E®E' is 
equivariantly isomorphic \,o Xy.V for some complex T-representation V . Since 
T is a torus there exists a homomorphism T ^ whose restriction to Ti has 
nonzero degree. Multiplying the action of T on E' with a suitable power of this 
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homomorphism we may assume that the action of Ti on E' has nonzero weight. 
Now let M' C E® E' he the unit sphere bundle, H' B' be the pullback of 
F®E' under the projection tt' : B' ^ X, and S' : B' ^ H' be given by 

§'(a;,e,e') := {x,Dj;e,e'). 

Then the inclusion B — > B' : (x, e) i— > {x, e, 0) defines a morphism of T-moduli 
problems. Hence, assuming the assertion for E replaced hy XxV and F replaced 
by the zero bundle, we obtain 



J M/T 



X"''^''^'(7r'*a) 
/ Tr'*a A eT(H') 



'/T 

n'*aAn'*eT{F®E') 



- I 

Jm 

_ f ^ ( a/\eT{F®E') \ 
~ Jx/n^[ eT{E®E') ) 

^ lx/n^'''^{eT{mV{D)))- 



IX/Ta 

Here the second equation uses the (Naturality) axiom for the Euler class, the 
third equation uses the (Thorn class) axiom (see [6]), the fourth equation uses 

the fact that M' is the pullback of F (B E' , and the fifth equation uses the 
hypothesis that the result holds when E is a trivial bundle and _F = 0. 

Step 2. Suppose E — L = Xx<Cisa trivial line bundle and denote by B C L 
the unit circle bundle. Then for every a = J2j<m/2 '^j'^'' ^ ^t,Ti(^)' 

/ n*ao = I Resoo f ^tt) • (21) 

Jb/t Jx/n \(^t{L)J 

Let p :T ^ denote the covariant action of T on the fibres of L and suppose 
that Ti acts on the fibers with weight ^. Then p{e\) = —2nii and, by Lemma 4.3, 

eT{L,^ + zei) = ez+'-^. 

Each form aj € f2^'~^-'(X) is equivariantly closed and hence represents a T- 
equivariant cohomology class on X. Now 

a(^,z) 




k 
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The residue at infinity is minus the coefficient oi z ^ in this power series. Thus 

By (17), the right hand side is invariant under the shift ^ i-^ ^ + tei and hence 
descends to a Tg-equivariant differential form on X . 

To compute the integral of 7r*ao over B/T, we denote the elements oi B = 
X X by {x,u), where x & X and u & S^. Then u~^du is the standard 
U(l)-connection form on B. Define Ai € fl^{B, li) by 



This form is T-invariant and satisfies j4i(0, — p(ei)z) ~ (ip(ei)/27r£)ei = ei. 
Hence it is a T-invariant Ti-connection as in [6], where we regard the action by 
p^^ as the contravariant action on B. The infinitesimal covariant action of ^ € t 
on B is given by X^{x,u) = {0,f>{£_)u). Hence the T-equivariant curvature of 
Ai is the 2-form Fai,t G ^^{B,t) given by 

Fa„t{0 ■■= Fa,+^ + A^{X^) = ^ - l^ei. 

(see [6, Section 3]). Replacing ^ by Jai,t(0 equivariant differential form 

■jT*ao € flj^{B) we obtain the Ti-basic T-equivariant differential form 

„.„„(5-!M,).i:,-„,tt,(-l|)' 

on B = X X . The projection tt : B ^ X induces a To-equivariant diffeomor- 
phism from B/Ti to X, however, each point in B has an isotropy subgroup of 
order £ under the action of Ti. Moreover, the diffeomorphism is orientation pre- 
serving if and only if £ is negative. (If , . . . , is a positive basis of T^X/Tq and 
u £ then, according to Remark 4.7, the basis (^i, 0), . . . , (^m, 0) of T{^x^u)B/T 
is positive if and only if the vectors (^i, 0), . . . , (^m, 0), (0, u), (0, p(ei)w) form a 
positive basis of T^X/Tq x C. Since p(ei) = —27ri£, this is the case if and only 
if £ is negative.) Hence 

L''*-'* (- W)' • 

and so the assertion of Step 2 follows from (22). 
Step 3. We prove the theorem. 

By Step 1, we may assume without loss of generality that F = and E = X xV 
for some unitary T-representation V. Since T is a torus, we may assume that 
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V = C" and that T acts diagonally by honiomorpliisms p,y : T ^ for 
f = 1, . . . ,n. Denote by := X x C the T-equivariant bundle where T acts 
by pi, on the fibre. Consider the T-moduli problem {B, H, S) given by 

B:=Xx52"-i, :=7r*Li®---©7r*L„_i, 

where n : B ^ X denotes the projection, and 

S{x, Zi,...,Zn) ■■= {Zi, Zn-l). 

Then the T-equivariant Euler class of H is the puUback under tt of the Euler 
class of Li © • • • © Ln-i, i.e. 

eriH) = ■K*eT{Li) A • • • A 7r*eT(i„_i). 

Let a e and define /? e fl??Ti(^) by 

.r^,„ eryhi) ■ ■ ■ eryLn-i) 

3<m/2 

Since T acts on B with finite isotropy, we can represent the equivariant coho- 
mology class eriH) g H^~^{B) by a T- invariant and horizontal differential 
form TH G rJ^"~^(i?) (see [6, Theorem 3.8]). With such a representative the 
identity ■K*a = 7r*/3 A eriH) in fi^TiC^) takes the form 7r*a = ■7r*/3o A th- 
Now S* is transverse to the zero section and 5~'^(0) is the unit sphere bundle 
Lfi in Lri' Hence it follows from the (TvuTisveTSQlity) axiom for the 
Euler class in [6] that 



/ n*a= Tr*Po /\TH= / tt*Po = 

J BIT J BIT J Br, IT Jx 



ReSo 



/3 



B/T Jb/T JBn/T Jx/To \^T\J^nj 

The last equation follows from Step 2. Since (3/eT{Ln) = a/eT{E), this proves 
the theorem. □ 

4.4 The index formula 

We return to the setting of Section 3. Recall that P ^ S is a principal T-bundle 
and = P Xp^ C — > S for 1/ = 1, . . . , n, Given an index set 7 C {1, . . . , n} as 
in Section 3 we consider the principal ^o-bundle 

:= A{P) X 0OO(S,i,) ^ Bi := Vi/Qo 

where the based gauge group Qo acts by g*{A,Uu) = {A + g^^dg, p^{g)~^u,j). 
It also acts on L^^ by g*\p,C] := \pg{z)-^,Q = \p, Puo{9{z))~^(], where z := 
■jt{p) e S. For uq ^ I we consider the universal line bundle 

L-o ^L^_^ ^ S/ X S. 
Go 
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The torus T acts on L""" by h*[A,u^,pX] ■= [A, p„{h)-'^u^,p, p^^ihy^C]- 

For X = [A, u] G Bi let us denote by the restriction of I^" to {x} x S. 
This restriction is equipped with a natural connection (induced by A) and hence 
with a Cauchy-Riemann operator 

Next consider the universal vector bundle 

and its restrictions Ex to {x} x S. The Cauchy-Riemann operators 

^x : f^"(S,Ex) ^ 17°'i(I],Ex) 

form a family of Fredholm operators over Bj between appropriate Hilbert space 
completions fx of f2°(S, Ex) and J^^ of 0°'^(S, Ex). These operators are complex 
linear and equivariant with respect to the action of T. 

As in Section 3 we denote by Ti the identity component of the isotropy 
subgroup of the subspace := {a; e C" | a;^ = for y ^ 1} and assume that 
Ti is a circle. This circle acts trivially on the base Bi and with finite isotropy 
outside of the zero sections of £ and J^. The quotient group Tq := T/Ti acts 
with finite isotropy on the moduli space A4o C Bj of solutions of equation (8). 
Hence we are in the situation of Theorem 4.8. The relevant dimensions are 

n 

dimA^-dimT = (n - dimT)(2 - 2^) + 2 ^ =: 2m, 

1^=1 

dimA^o-dimTo = (|/| - dimTo)(2 - 2^) -|- 2^d^ 25, 
index(9) = ^^{d^ + 1 - g), 

where denotes the first Chern number of the bundle ^ S. Note that 
the kernel manifold of d is precisely the space So of solutions of equations (12). 
Hence, by Theorem 4.8 and Remark 4.9, we have 



Lemma 4.10. Denote by ttq : j,^{A/Go) ^ ^xTii^i) homomorphism 
induced by the projection ttq ■ Bj ^ A/ Go- Then, for every v ^ I, 

eT{lMV{d^)) = 7ro*(w.,0'^''+'-«exp (-^^) G ^^,t,(B/). 
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Proof of Theorem 3.1. By Proposition 4.1 and (23) we have 

JSo/T 



Rcs^ 



/ 



where 

... 1 / a{i + zei) \ 

"° = 2^ f n.,.(w.,^ + .e,)^--. (w.,C + W J 

(by Lemma 4.10). This proves the theorem. □ 

Proof of Lemma 4-10. Note first that is the pullback under the projection 
TTo X id : B/ X E — > ^/C/o x E of the bundle 

yo 

and TAfV^") e Kt{Bi) is the pullback under ttq of the index bundle of the 
Cauchy-Riemann operators on . The torus T acts trivially on ^/^o x S and 
by pv on the fibres of Hence by Example 4.5, 

eT{lMV{d\C')) = Y,{w,,0'^-+^~'~'cj{IAfV{d'',Cl)- (24) 

Hence it remains to compute the ordinary Chern classes of the i^-theory class 
XAf'D{d'^ ,£"). The Atiyah-Singer index theorem for families asserts that 

ch{IAfV{d-',C''))= [ td{Ti:)ch{C-')eH*{A/g). 

(See [1, Theorem 4.3] and [2, Theorem 5.1].) Here ch and td denote the Chern 
character and the Todd class, respectively. The Todd class of TS is given by 

td(rS) = 1 + (1 - 5)a, 

where a G ff^(S;Z) denotes the positive generator. Thus our task at hand is 
to compute the Chern character of the line bundle C . By Lemma 4.11 below, 
the first Chern class of C is given by 

2g k 
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From this wc can compute ch{C'^). Note that aj A aj' = icr whenever i' = i±g 
and is equal to zero otherwise. Hence 



2g k \ g k 



\i=l j=l ] i=l j,j'=l 

=: — crAfi,^, 
and aU higher powers vanish. It follows that 

2s k 

ch(£'^) = 1 + dvO — ^ ^ ^vjOii A Tij — cr A 

i=i j=i 

Applying the index theorem for families we obtain 
c\i{lMV{d'',r)) = j td(TZ;)ch(£'') 

= / (rfi. + l-5)cr-^^w^jaiArij- -<TAf2^ 

•'^ \ i=ij=i 
= + 1 — g — 

The last formula implies, by a standard algebraic argument, that 
Hence, by (24), 

f 



j>0 

= (w^O-'^+'-^exp^ "'^ 



Since ct {lAfVid" ) ) = tt^ er {TMV{d" ,C''))ihe result follows. □ 
Lemma 4.11. T/ie /irsi Chern class of C is given by 

2g fe 

Proof. Fix a reference connection € and denote by C -4(P) 

the set of connections A G A{P) that satisfy Fa — Vol(I])~^A(P)dvolE and 
d*{A — Aq) = 0. The restricted gauge group Goo C Qo{P) consists of all gauge 
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transformations g : T, ^ T that satisfy d*{g ^dg) = and ,9(2:0) = H- Identify 
the quotient ^0 / Goo with the standard torus T^^'fe the map 

2g k 
i=i j=i 

For i and j let S ^00 be the unique harmonic gauge transformation tfiat 
satisfies g^^dgij = aiCj (and gij{zQ) = 1). Then the restriction of to the 
submanifold ^0/^00 x ^ can be identified with the quotient R^^'^ x L^/I?^'', 
where m = {my} e 1?^'^ acts by 

rn*(i,^,t;) := {t + m,z,'Y\p^{gij{z))-'^^'v). 

A section is a map M^^'^ x S ^ : (t, 2:) s{t, z) = st{z) G L^z that satisfies 
s(t + m,z) =[]p,(ft,(z))-'"-s(t,z), mGZ^f^ 

ij 

A connection is given by the formula 

2g fc 

d^s := d^tSt + X! X! J^'^^ij- 

^=l j = l 

An easy computation shows that the curvature of this connection is the 2-form 
e Q?{T'^9k X E, v^K) given by 

i=l j=l ^ ' 

d 1 

= -27TV^{w.,X{P))^^^^+^J2'^7rV^{w.,ej)aiAdUj. 

^ i=l j=l 



Since the first Chern class of of is represented by the 2-form \/^F'^ /2it, 
the result follows. □ 

5 Computation of the genus zero invariants 

Let J denote the set of partitions 

/i U---U/fe = {!,..., n} 

that satisfy the (Dimension) condition in the introduction, i.e. for every j S 
{!,...,&}, the subspace 

Ej := span{wi. | e /i U • • • U 7, } C t* 
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has dimension J and ^ Ej for every v G /j-f^iU- • -U/fe. It is now convenient to 
fix an orientation of t. For every J = (/i, . . . , Ik) G J we introduce the iterated 
residue 4>{ = (j)"/ ■.S*{t*)-^R by 

where := (w^,, A). Here the lattice vectors ei, . . . , e t form an oriented 
integral basis of A such that the vectors , . . . , are orthogonal to the span 
of the vectors w^ for v € /i U • • • U and 2 < j < k. These requirements 
determine the Cj up to a change e'j = ±ej + J2i>j o-ijSi. The corresponding 
coordinates C = S ^j^j = J2 ^'j^'j change by Zi = ±z- + ^j^i ciijZj. Since the 
and the e'^ form oriented bases there is an even number of minus signs. It follows 
from these observations and Remark 3.2 that the integral (25) is independent 
of the choice of the ej. 

Lemma 5.1. For every regular value t of n there exists a collection of integers 
{mi}i^x such that 

$^'^(a)=^m,</.i(a) 
/ex 

for every X € A and every a € S*{i*). Moreover, given a path 7 connecting t 
to t* \ im /i, the coefficients mi can be chosen to satisfy the following condition: 
If I — {h, ... J Ik) G X is such that 7 does not intersect the hyperplane spanned 
by the w^ for i/ e /i U • • • U Ik-i, then mi = 0. 

Proof. Theorem 1.1 and induction over the dimension of T. □ 

Remark 5.2. Fix an oriented basis ei, . . . , Cfe of t, let H,, C C*^ be the hyper- 
plane X]j=i(^i'i = 0; s-^d denote H := lj"=i Then the right hand side 
of (25) can be interpreted as the integral of the fc-form 

' A ........ «'(C' \ H) 

over a suitable homology class cr/ € Hk{C'^ \ H). Hence, by Lemma 5.1, there 
is a locally constant map r 1-^ cr(T) := X^/gj to/(t)(T/ which assigns to every 
regular value oi ji & homology class cr(r) e Hk{C^ \ H) such that the invariant 
$^'^(a) is equal to the integral of cj^.a over o-(t) (for all A and a). It is an 
interesting problem to study the map t h- > cr(T) in more detail. 

Lemma 5.3. For v = 1, . . . ,n let i^, be integers and a^, b^, be real numbers such 
that av ^ 0. IfJ22=i ■^'^ ~ ^^^'^ 

^.fl[{a.z + b.)'^dz=l[ai-'. 

VY^Z=i^v < — 1 then the integral is zero. 
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Proof. In the variable w := 1/z the integrand reads 



n(- 



Since the numerator is holomorphic near the origin. Hence the residue is 

zero whenever 2 + ^^ iv < and is equal to fl^ af," whenever 2 + (-v = 

Lemma 5.4. Let / G I a^rf ei, . . . , 6e a positive basis of A such that Cj, . . . , Cfe 
are orthogonal to w„ for i/ G Ji U • • • U fas m (25)). Let A G A and I he an 
n-tuple of nonnegative integers such that 



\i\=n-k + J2d<., rf, :=(w,,A). (26) 
IfLGlxii) then 

j=i ueij 

Otherwise 0j^(w^) = 0. 

Proof. The condition J € XaC^) asserts that 

-!) = -! 

for 7 = 1, . . . Consider the integral over Zk- The coefficient (w^,efe) of 
in the linear map {zi, . . . , Zk) {'^vi^jZj^j) is nonzero iff j/ G /fe. So, by 
Lemma 5.3, 



</)i(wO = 




1 



(27ri) 



fe-i 



fe-i 

whenever - - 1) = -1. If - - 1) < -1 then the 

integral over Zk is zero. Hence it follows by induction that (^j^(w^) has the 
required form whenever I E T\{£). If / ^ then it follows from (26) that 

l^ueij {^v — dv — 1) < —1 for some j and hence ^j^(w^) = 0. □ 

Proof of Theorem 1.2. Assertion (i) follows from Lemmata 5.1 and 5.4. 

We prove (ii). Let A G A, := (wi/,A), i be an n-tuple of nonnegative 
integers, J C {1, . . . , n} be an index set such that {w^ 1 G J} is a basis of t*, 
and assume that £jy = di, for v £ J and £j/ = rfi^+i for v ^ J . Then a partition / 
belongs to T\{t) if and only if / G X and Ij fl J consists of a single element for 
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each j. This foUows from the fact that X^^g/. (-^i/ — d,^ — 1) = —1 and that each 
summand — dj/ — 1 equals or —1. 

Assume r ^ C(J) = {J^^ej''!'^'^'^ I — ^l- must prove that $^'^(w^) = 
0. To sec this, we examine the set Since the set {w^ \v d J} \s hnearly 

independent it foUows that, for each ordering J = {vi, . . . , u^}, there exists a 
unique partition I G such that Vj e Ij for all j, and conversely, each 

partition / G determines an ordering of J. Moreover, for every such 

partition the hyperplane Wi := span{Wi/ 1 i/ ^ Ik} agrees with the hyperplane 
Wi/^ := span{w^ Iv G J \ {i^k}}- Hence the hyperplanes Wj for I G are 
precisely the supporting hyperplanes of C{J). Since r (f. C{J), there exists a 
straight line 7 connecting r to t* \ im which misses the supporting hyperplanes 
(this is true because C(J) is a cone over a simplex). Hence the coefficients m/ 
in Lemma 5.1 can be chosen such that mj = for every I G This implies 

that 

*r(wO= E rn,0j:(w^)=o. 

The same argument shows that the invariant $^'^(w^) for r G C{J) is indepen- 
dent of r. 

Assume r G C{J). Fix an ordering J = {ui, . . . , v^} and let / G be 

the unique partition satisfying vj G Ij for 7 = 1, . . . , /c. Choose an integer basis 
ei, . . . , Cfe of t such that (wj/, e^) = for 1/ G /i U • • • Ij-i and (wj/^. , Cj) > 0. 
Let To be a positive linear combination of Wj.^, . . . ,w^^_^. Since the invariant 
is independent of the choice of t G C(J), we may assume t = tq + eri, where 
Ti := Wj/^. Since the invariant is zero outside of C{J), we have 

$^'"°-"^^(wO =0. 

Hence, by Theorem 1.1, 

Now assertion (ii) follows by induction. 

We prove (iii). Assume \£\ = n — k + J2v=i dv (otherwise both invariants are 
zero). Since 

t^- d^-l=lu + d'^- {du + d'J - 1, 

for every u we have 

for every I G T (see Lemma 5.4). Hence (iii) follows from Lemma 5.1. 

To prove (iv) and (v) we introduce the following notation. For every A e A 
and every n-tuple i of nonnegative integers define the number 

(-A W := E max{4 -d^-l,0}+ ^ 4, d^ := (w^, A). 

d„>0 d„<-l 
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Recall that Ji := < di,}. We prove (iv) and (v) in five steps. 

Step 1. Each can be expressed as a linear combination of classes that 
satisfy Je' c Je and either lx{£') = or £1 < maxjciy + 1,0} for all v. 
We prove Step 1 by induction over i\(t}. If = then < niax{rfi/+l, 0} for 
all V. Assume L\{t) > and, by induction, that the claim has been established 
for every £' that satisfies l\{£') < i\{£). If X\{£) = there is nothing to prove. 
Hence assume Ix{£) ^ 0. Since i\{£) > there is a i^o such that £„„ > and 
Co > < + 1. Let J = (/i, . . . , Ik) G Ixi£). Since E^^,^. {£, - - 1) = -1 for 
every j there arc indices Uj G Ij for j = 1, . . . , fc such that £^^ < di,- . By the 
(Dimension) condition, the vectors Wj^j , . . . , w^^^ form a basis of t* . Hence w^,o 
can be expressed as a linear combination of the vectors w^. . Since > we can 
replace one of the factors w^j, in by this linear combination. This expresses 
as a linear combination of monomials of the form with i\{£') < i-\{£) and 
Jfj C J£. Hence the assertion for w'^ follows from the induction hypothesis. 

Step 2. If £v < d^ + 1 for every v and ^ then £ satisfies (ii). 

Let / e I\{£). Then the formula Xii/e/ {£u — di, — 1) = —1 shows that, for each 

j, there is precisely one index G Ij such that £i,- = d^. and £i, = d^ + \ for 

p & Ij\ {i^j}- Since the vectors w^^ , . . . , w^^ form a basis of t*, it follows that £ 

satisfies (ii) with J = {i^i, . . . ,i^k}- 

Step 3. We prove (iv). 

Assume d^ > —1 for every z/. Then, by Step 1, each w^ G S'™^(t*) is a linear 

combination of classes that satisfy either T\(£') = or £^ < d;^ + 1 for all v. 

Hence the assertion follows from Step 2. 

Step 4. (v) holds under the assumption di, > —1 for all u. 

We argue indirectly and assume that $^'^(w^) ^ 0. Then the linear combination 

in Step 1 must contain a term w^ that satisfies J^i C Jt, and <I>^'^(w^ ) ^ 0. 

The latter implies that 1\{£') ^ and so £'^, < dv + '^ for all v. Hence, by Step 2, 

£' satisfies (ii) with J = Jj,, = {v\£'^ < d^}. Since $^'^(w^') ^ 0, it follows 

from (ii) that r G C(J^/) C C(J^). 

Step 5. We prove (v). 

Suppose ^>a(w^) ^ 0. Choose A' such that d'^, := (w^,A') > max{0, — 1 — dj,} 
for all u. Then, by (iii), we have "I'a+a' (w^^'^') = *J'a(w^) 7^ 0. Hence, by Step 4, 
T G C( J), where J := {j^ K,. + < < (w^, A + A')} = {v\£u < d,,}. This proves 
the theorem. □ 



6 Quantum cohomology 

Let r be a regular value of ji. Throughout this section we assume that T acts 
freely on /x~^(t). Equivalently, if J C {1, . . . ,n} is an index set consisting of 
k elements such that r G C(J), then r belongs to the interior of C(J) and the 
determinant of the tuple {w^ \ v & J} \s equal to plus or minus one. Under this 
assumption the symplectic quotient 

M ■.= M//T{t) = ^l-^{T)/T 
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is a Kahlcr manifold. Wc denote by H*{M), respectively H^{M), the quotients 
of the integral (co)honiology groups by their torsion subgroups. By Kirwan's 
theorem, the homomorphism H*{BT) H*{M) is surjective and the homo- 
morphism H^.{M) H^,{BT) is injective. For every denote by w,y G H'^{M) 
the image of the cohomology class £ A* = H^{BT) under the Kirwan ho- 
momorphism H^{BT) — > H'^{M). By Theorem C.4, the cohomology class Wi, 
vanishes whenever r ^ C{{1, . . . ,n} \ {i'}). The remaining classes generate 
H'^{M). Hence the image of the homomorphism H^iM) H^iBT) = A is the 
subgroup 

A(r) {A e A I T ^ C({1, . . . , n} \ {v}) =^ (w,, A) = 0} . 

Recall the definition of the inverse isomorphism A(t) H2{M) : A i-^ A and 
the effective cone Aeff(T) C A(r) 

Aeff (r) := {A € A(t) | (t', A) > for all r' € C(r)} , 

where C(t) denotes the chamber of t. Note that 

(r', A) > for A G Ks{t) \ {0}, r' e C(t). 

Denote by ^^.^{t) C Z" the cone 

Deff(T) := {((wi, A), . . . , (w„, A)) I A e Aes (r)} . 

Note that the map Aeff(T) ^ I'eff(T) is a bijection. We denote the inverse 
by I'eff(T) Aoff(T) : d A^. We emphasize that V^siT) is not necessarily 
contained in the positive quadrant of Z". 
Let us now consider the vector 

n 

r:=^w^. (27) 
i/=i 

(We still assume that T acts freely on /i~^(r).) Then M is a monotone sym- 

plectic manifold (see Lemma C.3). The genus zero Gromov-Witten invariants 
of M with fixed marked points in a homology class A € i?2(M) are denoted by 

GWf : H*{M) X • • • X H*{M) Z. 

The number of argmnents will in each case be clear from the context. For 
an n-tuple i = {^^,...,^n) of nonnegative integers and a cohomology class 
a€ H* (M) we abbreviate 

GWf (w*^ a) := GWf (wi, . . . , wi, . . . , w„, . . . , w„, a), 

where each argument w^ occurs ii, times. Since the Gromov-Witten invariants 
are invariant under symplectic deformation, we have 

A G A(r) \ Aeff(T) =^ GWf = 0. 
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Lemma 6.1. Let t := X^"=iWy, suppose that T acts freely on ^~^{t), and 
assume that the minimal Chern number N of M is greater that one. Then for 
every d G 'Deff(T), every A e A(r), and every a G H*{M), we have 

GWf (w*'^\a) = Gwf_;,^(w*'^",c5), (28) 

where the n-tuples (i+ and d~ are defined by 

,+ ^ f d^, if du > 0, rl- ^'^"^ ^-^^'^ 

" ' \ 0, ifd^<0, "'i^ ■ y 0, ifd^>0. 

Proof. Let a := for an n-tuple £ of nonnegative integers satisfying 

\i\=n-k + {T,X) - \d+\. 

By Theorem 1.2 (iii), with A replaced by A — Ad, A' = Ad, and i replaced by 
i + d~, we have 

*r(w''"+') = $rA,(w''"+'). (29) 

Hence it follows from [8, Theorem A] and the fact that N > 1 (see equation (3) 
in the introduction) that 

GWf (w*('^^+^)) = GWf_;,^(w*('^"+^)). (30) 

Now the gluing theorem for the Gromov-Witten invariants with fixed marked 
points (see [11]) asserts that 

GWf(w*''+,w^) = GWf(w*(''^+^)) 

-EE GWf_^,(w*''",e-,)GWf (e|,w*0, 

where the second sum is over all lattice vectors A' e Aefj (t)\{0}. Hence, by (30), 

GWf (w*''^wO - GWf_;;^(w*''",wO (31) 
= E E GWf,{elw*') (Gwf_,,_,^(w*'^-,eO - Gwf_,,(w*''", e,)) . 

Note that in each summand on the right we have 

^deg(e,) = n-k+{T,\~X')-\d+\ 
< n-k+{T,X)-\d+\ 
= Kl- 

Hence the assertion follows from (31) by induction over □ 
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Remark. Let t, M be as in Lemma 6.1 and A G Acff (t) such that (w^, A) > 
for every v. Then it follows from Lemma 6.1 with du := (w^, A) and a := PD(pt) 
that GW^ 7^ 0. Hence the homology class A e H2{M) can be represented by a 
holomorphic stable map of genus zero. 

As in the introduction, let TZ be any graded commutative algebra (over the 
reals) with unit which is equipped with a homomorphism 

Acff'(T) -^TZ:X^q^ 

from the additive semigroup Aeff(T) to the multiplicative semigroup TZ such that 

deg((/^)=2(r,A). 

The most important example is the ring 

n = R[qi, . . . ,qk,qi'^, . . . ,qk^] 

of polynomials with real coefficients in the variables qj and q~^. To obtain the 
homomorphism choose a basis ei, . . . , of A, define the grading by deg(gj) = 
^"^■^(wi/, ej), and the map Xi-^ q^ hy 

k k 

q^:=X{q';\ A = ^A,e,-. 

i=i i=i 

With a more careful choice of the basis one can take TZ = K[(7i, . . . ,qk]- Other 
possibilities are the polynomial ring TZ = ^[q] in one variable, the ring of poly- 
nomials in q and q~^, or the ring of Laurent series in q. In these cases one can 
choose q to have degree two and define q^ := q^'^'^\ The simplest example is 
TZ = R with the constant map A i-^- := 1, but then the grading has to be 
reduced modulo 2N. where N is the minimal Chern number. 

Given a graded algebra TZ as above define the quantum cohomology ring 
QH*(M;7?.) as the tensor product 

QH*(M;7e) := H*{M;R)(^TZ 

(of vector spaces over the reals). Thus an element of QH'"(M; TZ) is a finite sum 
a = J2ren '^'"^ such that deg(ar) + deg(r) = m for all r. The ring structure is 
defined by 

a' * a" := ^ ^ ^ GWf {a',„a';,„e,)e;r'r"q\ 

i AeAett(T) r',r" 

where the gj form a basis of H*{M) and the e* denote the dual basis with 
respect to the cup product pairing (see [11]). 

Corollary 6.2. Let r :— X]r=i suppose that T acts freely on ji^^ir), and 
assume that the minimal Chern number N of M is greater that one. Then 

for every d e I?eff(T). 
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Proof. By the gluing theorem for the Gromov-Witten invariants (see [11]), we 
have 

The second equality follows from Lemma 6.1. □ 

Proof of Theorem 1.3. We prove that the homomorphism (4) is surjective. Note 

that there is an obvious inclusion H*{M) QH*(A?;7?.) : a a\, where 
1 denotes the unit in TZ. Throughout we identify H*[M) with its image in 
QH*(M;7?.) under this homomorphism. Since (4) is a homomorphism of 7?.- 
modules, it suffices to prove that every class in H*{M) belongs to the image 
of (4). We prove this by induction over the degree. If a G H^{M) then a 
obviously belongs to the image of (4). Hence let deg(Q;) = 2£ > and assume, 
by induction, that every class in H*{M) of degree less than 2£ belongs to the 
image of (4). By Kirwan's theorem, the class a is a linear combination of classes 
of the form w^i ■ ■ ■ ■ Let p{ui, . . . , u„) be the same linear combination of the 
polynomials u,y-^ ■ ■ ■ u^^ . Then the image of under the homomorphism differs 
from a by a class of the form 

A^^O 

Here the sum is over all A G Aeff(r) that satisfy (r, A) > 0. Hence, by the 
induction hypothesis, every ^\ in this sum belongs to the image of (4), and so 
does the class Pxq^. Hence (3 belongs to the image of (4). and so does a. 

Let Jo C W^ui, . . . ,Un\ be the kernel of (4). Then the linear polynomial 
X^j, ilvUv belongs to Jo whenever ??i/Wy = 0. Moreover, by Corollary 6.2, 
the polynomial m'' — q^u''- belongs to Jq whenever A e Aeff(r) and rf^ = 
max{±(wj/. A), 0}. Hence J <Z Jq. 

We prove that Jo C J. Define the classes a^^x e H*{M), for n-tuples i of 
nonnegative integers and lattice vectors A e Aeff(r) with < (r, A) < \£\, by 

w*^=:w^+ J2 "^,A9\ degKA)=2|^|-2(T,A). 

AeAeff(r)\{0} 

For N gZ denote by Jo{N) the set of polynomials p & Jo oi the form 

p(mi,...,u„) = E r^u'-, (32) 
\e\<N 

where the sum is over all n-tuples £ = (£i, ...,£„) of nonnegative integers sat- 
isfying 1^1 < N. We prove by induction on N that Jo{N) d J. For < 
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this is obvious because Jq{N) = {0}. Let A'^ > and assume by induction that 
^^(A^ -1) C J. Let p e Jo{N) be a polynomial of the form (32). Since p € Jo 
we have 

I t ex 

This identity splits up into 

= ^ r^w^ + ^ J2 ai^xreq^, j = 0,...,N. 

{T,\) = \e\-] 

Since re = for \£\ > N, we have 

\i\=N 

Choose a basis pi,. . . ,pm of the vector space span{r^ | \£\ = N} c TZ and express 
each re in this basis, i.e. 

m 

re = 'Y aeiPi, au e M, \l\ = N. 

i=l 

Then 

o^iW^ = 0, i = l,...,m. 

K|=jv 

This means that the polynomials 

Pio{ui, . . . ,Un) := auvf-, i = l,...,m, 
K|=jv 

belong to the kernel T C M.[ui, . . . , of the homomorphism (36) in Theo- 
rem C.4. Hence they can be expressed in the form 

Pio = X^f^'jo/?' 

j 

where fj £ R[ui, . . . , and the pijo are taken from the set of generators of 1 
in Theorem C.5. Thus each p^o satisfies one of the following conditions. 

(a) Pijo{u) = Y.u'Hv'^f^ where Y^i^V^^v = 0- 

(b) Pijoiu) = Uy, where A{^} = 0. 

(c) Pijo{u) = m'*^, where d e V^sir) \ {0}. 

In cases (a) and (b) define pij := pijo £ J . In the case (c) it follows from the 
definition of J that there is a generator G J7 of the form 

p^{u) = u'^* - q\'^~, Pijo{u) = u'^*, d e I?eff(r) \ {0}. 
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Define p ^ J hy 

m 

P{U) := X]Z]^»^''JW•^J(")• 
^=1 j 

Since J C Jo we have p — p £ j7o ■ Since 

m mm 

i=l j i=l i=l |£|=JV |^|=Ar 

the leading terms cancel in p — p and hence p — p E j7o{N — 1) C JT". Hence 
p G J. This completes the induction and the proof of the theorem. □ 

Example 6.3. This example shows that in the definition of the ideal J it may 
not suffice to consider vectors A G Aeff(T) such that the integers d^, := {w^,X) 
are all nonnegative. Suppose the 2-torus T = acts on with weight vectors 

Wi = (l,0), W2 = (l,l), W3 = W4 = W5 = (0, 1). 

The symplectic quotient M at the parameter r := wi + • • • + W5 = (2,4) is a 
smooth monotone toric 3-fold with minimal Chern number N = 2. The effective 
cone is given by 

Aeff(r) = {(Ai, A2) e Z2 I A2 > 0, Ai + A2 > 0} . 

It is the convex cone spanned by the vectors e := (1,0) with d= (1,1,0,0,0) and 
e' = (—1, 1) with d' = (—1, 0, 1, 1, 1). For the quantum cohomology let us choose 
the polynomial ring TZ :— R[qi,q2\, graded by deg(q'i) = deg(Q'2) = 4, and the 
homomorphism := qi^^^^q2^. Thus ^1,92 correspond to the generators e,e' 
of Aeff(T). Then the ideal J C M[ui, . . . , U5, q'l, 92] is generated by the relations 

U3 = Ui = U5 = U2 — ui, uiU2 = qi, W3W4M5 = wiQ'2- (33) 

If one considers only vectors A G Aeff (r) with nonnegative degrees di, :— (wi/. A) 
then one has to replace the last relation in (33) by U2U3U4U5 = qiq2 and obtains 
a strictly smaller ideal. 

A Equivariant trivialization 

Proposition A.l. Let G he a compact Lie group and E ^ X he a G-equivari- 
ant complex vector hundle over compact smooth manifold X . Then there exists 
a G-equivariant complex vector hundle F ^ X and a complex G -representation 
W such that E ® F is equivariantly isomorphic to X x W. 

Lemma A. 2. Let G he a compact Lie group, H C G 6e a normal subgroup, and 
V he a complex H-representation. Then there exists a complex G -representation 
W and an injective H-equivariant homorphism : F — > W. 
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Proof. Consider the infinite dimensional vector space 



W := {/ : G ^ V\f{hg) = hf{g) V/i e H, e G} . 
This space carries an action of G by 

(57) (5) ■■=f{99') 

and the cvahiation map W ^ V : J ^ f{l) is H-cquivariant and surjcctivc. To 
prove surjectivity let f G y be given and let / : G ^ V bo any smooth extension 
of the map H ^ V : h 1-^ hv. By averaging the maps g hr^f(hg) over h gH 
we can ensure that the extension is H-equi variant. By Peter-Weyrs theorem, 
there exists a finite dimensional G-invariant subspace W C W such that the 
restriction of the homomorphism / i-^- /(I) to W is still surjective. By [11, 
Remark A. 4. 2], the surjection W ^ V has an H-equivariant right inverse. □ 

Proof of Proposition A.l. Let .t G X, H C G be the isotropy subgroup of .t, 
and V := Ex- By the local slice theorem, the restriction of -E to a suitable 
neighbourhood of the G-orbit of x is equivariantly isomorphic to the bundle 

GxUxV 

> G xhC/, 

where C/ is a neighbourhood of zero in the horizontal tangent space at x (i.e. in 
the orthogonal complement of T^Gx with respect to some G-invariant metric). 
Let (j) -.V ^ W he as m Lemma A. 2. Then the map 

G xU xV ^ G xU xW:{g,u,v)^{g,u, g(j){v)) 

descends to a G-equivariant injectivc bundle homomorphism from {GxU xV) /H 
to (G Xh C^) X W (where G acts diagonally). This construction gives rise to a 
G-invariant open cover {Ua}a of X and a collection of G-equivariant injective 
bimdle homomorphisms (/)„ ■ E\u^^ Ua x Wa- Let pa : X ^ [0, 1] be a G- 
invariant partition of unity subordinate to the cover {Ua}a and denote W := 
0a Wa- Then the homomorphism E ^ X x W : {x,e) {x, {Pa{x)<pa{x)e}a) 
is the required G-equivariant embedding. □ 



B Convex polytopes 

In this section we recall some well-known facts about convex polytopes (see 
e.g. [7]). Let A be a compact convex polytope in the dual space V* of a finite 
dimensional vector space V. We denote elements ofVhyv,iu and elements of 
V* by ^, r]. Define the support function ^ : F — > K of A by 

(t>{v) mf 

The following properties of are obvious from the definition. 
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(PI) (t){tv) = t(j}{v) for t > 0. 

(PI) (j) is concave, i.e. (I){v -\-w)> 4>{v) + (j){w). 

(P3) A can be recovered from cj) as the intersection of half spaces 

A= {^{i&V*\{^,v)><t,{v)}. 
vev 

Let F be a face of A. Pick an interior point p of F and define the dual cone to 
Fhy 

F := {v eV\{^ -p,v) >0 for all ^ e A}. 

If q is another interior point of F and ^ G A then q + t{£, — p) £ A t > 
sufficiently small. Hence — p,v) > iff {q + — p) — Q,v) > 0. This shows 
that the definition of F does not depend on the point p. Moreover, the condition 
— p,v) > for all ^ G A can be rewritten as (/>(i') > {p, v) , or equivalently 
^(t;) = (p, v) since p G A. So F can be written in the equivalent forms 

F = {v eV\{^-p,v) >0 for al\^ e A,pe F} 
= {v GV\(p,v) = (piv) for afi p e F}. 

The following properties are obvious from these descriptions of F. 
(Fl) F is a convex polyhedral cone. 

(F2) The restriction oi (j) to F is the linear function (j)(v) = (j), v) for any p G F. 
(F3) F is perpendicular to F and dimF = codimF. 

(F4) li Hi, . . . , H( C V* are the supporting hyperplanes for A meeting at F, 
then F is the cone generated by inward pointing normal vectors vi, . . . ,ve 
to the hyperplanes. 

(F5) If G is a subface of F then F is a subcone of G. 

(F6) The union of the cones p dual to vertices p of A is the whole space V. 

The collection S of the cones F dual to nonempty faces of A is called the fan 
dual to A (see [3] for the general definition of a fan). 



C The cohomology of symplectic quotients 

Let T be a fc-dimensional torus and p = (pi, . . . ,p„) : T — > T" := (5^)" be a 
diagonal homomorphism with 

p,(exp(0) = e-2'^'<^'"«> 

for ^ G t := Lie(T). Here the Wi, are elements of the dual lattice A* C t* as in the 
introduction. We identify the Lie algebra of T" with M" via the map rj ir]/2n 
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so that the integer lattice corresponds to Z" C ffi". In this identification the 
Hnearization of p is the map /j : t — > M" given by 

p(0 = ((wi,0,---,(Wn,C))- 

Consider the quotient torus 

f := T"/p(T). 
Its Lie algebra is the quotient space 

t := R"/p(t) 

and the dual space of t can be identified with the subspace 



t* :=Le(R")*| ^77,w, = ol. 



(34) 



The canonical action of T" on C" induces an action of T with moment map 
: C" — > t* given by (1). We assume throughout that /z is proper and that the 
action is effective (i.e. the weight vectors Wj^ span t*). Let r e t* be a regular 
value of 11. Then the torus T acts on the symplcctic quotient 

M:=C"//r(T) =At-i(r)/r. 

A moment map /S : M — > t* for this action is given by the formula 

Ji{x) := : 

V 7r|a;„|2 + C„ / 

where C = (Cii • • • > Cn) € (K")* is chosen such that 



Ci/W^ = -r. 

The image of /U is the convex polyhedron 

A := /x(M) = |?7 e (M")* | X^Jj.w, = 0, > C.j • (35) 

Each subset / C {1, . . . , n} determines a (possibly empty) face 
A/ := {?7 e A I = for e 7} . 

Recall that C{I) denotes the cone spanned by the vectors Wj,, u G I. The next 

lemma shows that if t is a regular value of /i, then the intersection of any j 
codimension-1 faces of A is either empty or has codimension j. 
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Lemma C.l. Assume that t is a regular value of /i and let I C {1, . . . ,n}. 

(i) The set A/ is either empty or has codimension 

(ii) A, = 0^T^C({l,...,n}\/). 

Proof. We prove (i). Assume A/ ^ and let J := {1, . . . , n} \ /. Then, by the 
definition of p., there is a y e C'' such that 

veJ 

Since r is a regular value of ii, there exist indices , . . . , i/^ G J such that the 
vectors w^i , Wy^. are linearly independent and ^ for every j. We claim 
that there is a vector x G C"^ such that 

fi{x) — T, Xv for all v <E J. 

To see this choose x^ iov v G J \ {vi, . . . , Vj.} such that \xu\'^ = \yu\'^ + e and 
choose Xvj such that 

k 

i=i !yej\{!yi,...,!yfc} 

Then /i(a;) = ji^y) = r and, for £ > sufiiciently small, we get Xi, ^ for all 
z/ e J. 

The difl[erential dfi{x) :T^{Mn C"^) ^ t* is given by 
dp,{x)v = {2'jT{x„,Vt,))veJ, 

where v G C"^ satisfies 

d^{x)v = 2t:''^^{xi,,Vv)wi, = 0. 

Since x^ ^ Q iov v G J, this shows that the image of Tx{M n C'') under djl{x) 

equals {ri e (K"')* | ^^.e 

jrj^w^ — 0}. This space, and therefore A/, has 
dimension \J\ — k = n — k — 

We prove (ii). If A/ ^ there exists an e (M")* such that r?^w^ = 0, 

> Cv foi" all and r]v = Qv ior v G I . Hence 

n 

The converse follows by reversing the argument. □ 

Standing assumption. In the remainder of this appendix we assume that T 
acts freely on /i~^(r). 

Denote by € iJ^(M;M) the image of w^ under the homomorphism A* = 
if2(BT;Z) ^ iI*(M;M). 
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Lemma C.2. For every J C {1, . . . ,n} the following holds. 
(i) IfTiC( J) then n.^jw, = 0. 

(i) Ifre C{J) and \J\ = k then W^^j^u = PD(pt). 

Proof. is the first Chern class of tlie line bundle :— h^^{t) Xp^ C. Hence 
the zero set of the holomorphic section M ^ : [x] i-^ [x, x„] is Poincare dual 
to Wjy. Denote this zero set by W,y := {[x] <E M | x,y = O} . This is a (possibly 
empty) complex submanifold of M of complex codimension one. Moreover, 

This proves (i). If r S C(J) and \ J\ = k, then the submanifolds iov v ^ J 
intersect transversally in a single point. This proves (ii). □ 

Lemma C.3. (i) The Chern classes ofTM are given by 

Cj{TM)= ^ w^i---Wi,^, j = l,...,n-k. 

(ii) The cohomology class of the symplectic form u) G 0^(M) is 

[u,]=f. 

Proof. We prove (i). Consider the Whitney sum ij.~^{t) x = E (B F, where 
the complex vector bundles E — > /^"^(t) and F — > /i~^(r) are defined by 

E^ := {u e C" I dfj,{x)v = diJ,{x)iv = 0} , 

F^ := {t; e C" I 3^, r? e t Vz/ : t;^ = ((w^, + «(w^, v))xu} ■ 

Then the bundle F admits a T-equivariant complex trivialization and the quo- 
tient bundle E/T — > /i~^(r)/T is isomorphic to the tangent bundle of M. Hence 

Cj{TM)=Cj{i^-\T)xTCn= Yl 

Vl<---<Vj 

We prove (ii). Denote 

1 " 

Ao := — '^^{xvdxi, - Xydxy) G f2^(C"), := dXo, 

i/=l 

and let /io : C" ^ M" be the moment map given by 

iiQ{x) :=7r(|a;i|^,...,|a;„p) . 

Since Aq = — Moj the equivariant cohomology class \ljJq — /io] € (C") is 
trivial. Pulling back under the homomorphism i/|„(C") i7|,(C") induced by 
p yields = [wq - A*] S H^{C"). Restriction to H^^{t) yields = [l*ujo - t*r] € 
H^(^fi~^{T)) , where t : /i~^(r) — > C" is the inclusion. Now the result follows by 
passing to the quotient. □ 
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Theorem C.4 ([10]). The ring homomorphism 



,...,Un]^H* (M; M) : p{ui, . . . , m„) ^ p(wi, . . . , w„) (36) 
induces an isomorphism 

H*{M;R)^R[ui,...,Un]/I, 
where the ideal T C ]R[ui, . . . , u„] is generated by the relations 

n n 

^r?^w^=0 =^ ^r/^M^ = 0, (37) 

I/=l v=l 

/C{l,...,n}, A/ = ^ n"- = 0- (^8) 

Remark. Theorem C.4 continues to hold with coefScients in Z. That the 
homomorphism (36) is surjective follows from Kirwan's theorem, and that the 

ideal X is contained in the kernel of (36) is an easy consequence of Lemma C.2. 
The nontrivial part of the proof is to show that the kernel is contained in X. 

Theorem C.5 ([4]). Assume At~^(r) ^ and T acts freely on /x~^(t). Then 
the ideal I is generated by the linear relations (37), the linear monomials Uv for 
^{v} = 0> 0''>T'd the monomials u'^* for d G T^esiT) \ {0}. 

For the sake of completeness, we present a somewhat more elaborated version 
of the proof given in [4]. We need some preparation. Denote by A c t and 
A* c t* the integer lattices. Thus A is the image of Z" under the projection 
M" ^ t and A* = t* n (Z")*. For i/ = 1, . . . , n let e A be the image of the 
basis vector = (0, . . . , 0, 1, 0, . . . , 0) G Z" under the projection M" i. 

Lemma C.6. Suppose that T acts freely on ^^^{t). 

(i) Let J C {!,..., n} satisfy \J\ = n — k and Aj ^ 0. Then the vectors 
{cj I j e J} form an integer basis of A. 

(ii) Let d„ & Z satisfy Yl2=i ^•^^•^ — ^- Then there exists a vector A e A such 
that du — (wjy. A) for every v. 

Proof. We prove (i). Assume | J| = n — k and A,/ 7^ 0. Since T acts freely on 
/x~^(t), and r e C({1, ■ ■ ■ ,n}\ J), the vectors {w^ | ^ J} form an integer 
basis of A*. Hence, for every f e Z", there exists a unique vector A e A such 
that v,^ = (wj,. A) for v ^ J. This implies that the image v &ioiv under the 
projection M" i satisfies 

Hence the vectors {cj | j € J} span the integer lattice A as claimed. 

We prove (ii). By definition of the projection M" t, there exists a vector 
^ e t such that dv = {wv,^) for every u. Now let J C {1, . . . , n} be any index 
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set such that | J| = n — k and Aj ^ 0. Then the argument in the proof of (i) 
shows that there exists a lattice vector A G A such that di, = (wi^, A) for v ^ J. 
Hence (wy , ^ — A) = for z/ ^ J. Since the vectors {wy \ y ^ J} form a basis of 
t* we deduce that ^ = A and hence = {w^,, A) for every u. □ 

Proof of Theorem C.5. Let Iq C M[ui, . . . , «„] be the ideal generated by the 
linear polynomials YlZ=i Vv'^v, where Yl!l=i Vv^v — 0, the monomials u^, where 
A|y} = 0, and the monomials m'^^ for d G 2?eff (T) \ {0}. 

We prove that Xq C 1. We must show that u"^^ e 1 for every d G 'Deff (''")\{0}. 
We prove a stronger statement: // A G A satisfies (t, A) > and d^ (w^, A) 
then u'' G X. To see this, consider the set I := {i' \ d,^ > 0}. We claim that 
A/ = 0. Otherwise, by Lemma C.l, there would exist numbers r/^ > such that 
T = 'Hv'^v But then 

< (t,A) = ^ry^d^ < 0, 

a contradiction. Since A/ = 0, the monomial Ili/e/"'' belongs to the ideal L 
But u'^^ is a multiple of Hi/e/ ^^'^ hence also belongs to I. 

We prove that J C Iq- Consider the moment polytope Act* defined 
by (35). The faces of A are subsets of the form A/ for 7 c {1, ... , n} such that 
r G C({1, . . . , n} \ /). The vectors {e^ | i G /} arc the inward pointing normal 
vectors to the supporting hyperplanes of A meeting at the face A/. Hence, by 
property (F4) of the dual cones (see Appendix B), the dual cone of A/ is given 




By Lemma C.l, the codimension of the face A/ equals |/|. In particular, the 
vertices of A are subsets Aj where \ J\ = n — k and Aj ^ 0. 

Now let / C {1, . . . , n} such that A/ = 0. We must prove that the monomial 
rii/e/ belongs to Jq- Shrinking the set /, if necessary, we may assume without 
loss of generality that A// ^ for every proper subset /' C /. Since /x(r) ^ we 
have / 9^ 0. If |/| — 1 then the polynomial Hi/e/ '^v belongs to Iq by assumption. 
Hence assume |/| > 2. Then 

v&I =^ A{,}^0. (39) 

We shall prove that there exists a vector d G T>cff{T) \ {0} such that d^ = 1 
for z/ G / and < for i/ ^ /. To see this, consider the vector J2iei ^» ^ 
Since the union of the cones dual to vertices is the whole space t, it follows that 
there exists an index set J C {1, . . . ,n} such that \J\ = n — k, Aj ^ ^, and 
Y^iQi Si € ^J- Hence there exists nonnegative real numbers cj such that 

Cj = cjCj. 

iei jeJ 
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By Lemma C.6, the set {ej \ j G J} is an integer basis of A. Hence the cj are 
actually integers and, after shrinking J, we may assume that Cj > for all 
j e J. Define d e Z" by 

if J/ G / \ J, 
if i^G J\/, 
if G / n J, 
if 1/ ^ / U J. 

Then Y^2=i ^v^v = and hence, by Lemma C.6, there exists a lattice vector 
A G A such that d^^ = (w^. A) for = 1, . . . , n. By (39), we have A{^} ^ for 
every G / U J. Hence = whenever ^{^] = 0, and this implies A G A(t). 

We prove that d G VcsiT) \ {0}. Let </> : t ^ M be the support function of A 
as in Appendix B. By property (P2), we have 

iei \iei J \jeJ J jeJ 

Here the last equation follows from property (F2) and the fact that the set 
{Sj I j G J} spans the cone Aj. Now, by (35) and the definition of </>, we have 
(t^i^v) > with equality if and only if the face A^^^ is nonempty. Moreover, 
d^ = whenever A^^j = 0. This implies 

n n n 

If we replace r by another vector t' in the same chamber, the fan S remains 
the same, so the above argument yields the same vector A G A. This shows that 
(''■': A) > for every r' in the chamber of t. So A G AofF(T) and d G VesiT). 
Since A/ = and Aj ^ 0, we have I ^ J and hence d^O. 

We prove that / n J = 0. Otherwise let i^o G / n J and I' := I \ {uq}. 
Then d^ < iox v ^ I' . Hence the argument in the proof of Xq C X shows that 
A/' = 0. But this contradicts the minimality assumption on /. Hence Ifl J = 
as claimed. It follows that the vector d satisfies = 1 for i/ G / and d^ <Q for 
u ^ I. Since d G 'Defi(T) \ {0} we deduce that 

JJ = u"^"" G Jo- 

This shows that I do and hence J = Xq- D 
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